Cut-elimination for SLLM,,,

Au=AcAt|A-A|AJA|A\A|!A|VA

A— A

' - A ¥,B,% —C \
>, A\B,S —C \F

I — A ZI,B,ZQ—>C/
S, B/AT, S —C 't

T, A,B,Ty —C
LA BT, »C *©

n times
——f—
F1,A,A,...,A,F2—>BT
I,'A, Ty — B L

F]_,A,FQ — B
Fl,VA,FQ — B

\%3

Fl,FQ,VA, F3 — B
Fl,VA,FQ,F3 — B

perm

r—A A A—B

ST.A— A cut

Al —B

I — A\B \R

NA—a=nB

I — B/A /%

F1—>A F2—>B‘

'A—!B R

Fl,F2—>A-B

A—>BT

A— B %
VA—VB V&

F17VA,F2,F3 — B
Fl,PQ,VA,Fg — B perm

Recall the Lambek Calculus with lax monoidal soft subexponentials, SLLM,,, below:

!/

Table 1: Sequent calculus presentation of SLLM, where 1 < n < k.

Theorem 1. (cut) can be eliminated from SLLM,,,. That is, any proof in SLLM,,, containing
a cut can be converted into an equivalent proof without cuts.

Proof. We perform a standard induction on the depths of the proofs of the sequents in the
cut-rule. Throughout this proof, we will say that the left hand sequent I' — A has proof ,
and the right-hand sequent ¥, A, A — B has proof 7. The final rule of a proof w will be
called fin(w).



Base case

If 7 and 7 are simply instances of the axiom, that is, (??) becomes:

A—A A— A "
A— A u (1)

we can simply transform (1) to A — A . This completes the base-case of the induction.

Principal cuts
The following cases are those where the cut formula is principal in both fin(7) and fin(7).

1. fin(m) = \g and fin(7) = \z. That is, this instance of cut is the following:

7T/ T/ 7,//

A,F—>B\ A— A Z,B,@—>C\
r—AB "  $AAB6—c
SAT.0 —C cut (2)

We transform this proof to the following one containing two cuts where the cut formulas
are of lower complexity:

/ 1

T T
- AT —B %B6—C .
A—A Y, AT,0 —C cu
S AT —C cut (3)

2. fin(w) = - and fin(7) = 1. That is, this instance of cut is
- i !
r—A Y—>B AJAB,© — C
s +4.B " AA.Be -c*
AT,2,0 >C cut (4)

which we transform to the following proof, containing two cuts of lower complexity:

/ /

T T
o T4 AAB6O6-—C
Sy AT.B,6—C cut
AT.S.0—C cut (5)
3. fin(m) =!g and fin(7) =!;, That is, this instance of cut is
7’ 7’
r 54, %A A46,AA46,..  AA6x—B,
T —14 B Y,IA 14,10,y — B L
S AT 10,y — B cut (6)



which we transform into the following proof containing n cuts of lower complexity.

/ /

s T
o Fr—4 S AA6AA6,... AASX—B
R Y,AT.0,A A6, AAGX—B cu
Ccu
7! : .
I — A S,AT,0,AT,0,... ., AA 0,y —>B
5, AT,0,AT.6,... . AT,0,x —B cut
3,IAIT,10,x — B ‘L (7)
4. fin(r) = Vg and fin(7) = V1, That is, this instance of cut is
7! T
VI VA "B © VA A—B i
S,.VI[LA — B e (8)

which we transform to the following proof of lower complexity, assuming that I' =
Ay, Ap

/ /

s T
r—A X AA—B ,
>T.A — B cu
> A Ay, AN —B
\%3

E,VAl,AQ,...,Am,A—)B

\%3

\%5
\%7

S VALVAy ..  An A —B
S.VALVAy .. VA, A —B
SVILA — B (9)

5. fin(7) = Vg and fin(7) = perm That is, this instance of cut is

/ /

_ T T
T — A Vs E,VA,A,@—>Bperm
vVl — VA ,A;ZVA,06 — B ;
CUuU

S,A,VI,0 — B (10)

which we transform to the following proof which moves the cut up by one step, assuming



that I' = Ay, ..., Ap,.

/

{3
r— A v T’
VI VA "B ¥ VA A6 —B
VLA 6 — B cut
3,VA,VAs,...,.VA,,A,6 — B
perm
: perm
E,VAl,VAQ,A, ey VAm,@ — B perm
Z,VAl,A,VAQ, ey VAW“@ — B perm
Y,A,VA|,VA,y, ...,.VA,,6 — B
3, A, VL6 — B (11)

Non-principal cuts

We split the non-principal cuts into three cases: Case | - where 7 ends in a right hand rule,
Case Il - where 7 ends in a left hand rule, and Case Ill, where pi ends in perm or perm’. For
each case we will analyse all possible final rules of 7. Since there are 12 rules of the calculus,
excluding the axiom, there are 12 - 12 = 144 non-principal cuts. However in our exposition we
will only consider \ and perm, since the treatments of / and perm’ are symmetric, reducing
the following exposition to 9 - 9 = 81 cases.

Case |

1. fin(m) = \ g, which makes the cut look like

/

T
ATl —B \ T
I — A\B ‘" $[A\B] —C .
>[I — C . (12)
We now follow by analysing the possible final rules of 7.
i. fin(r) =\
7T/ 7_/ 7_//

A,F—>B\ >—C A,D,@—>E\
r—AB "  ASC\DO-—E tL
AY,C\D,0 — E o (13)

where A\ B is contained in either A, X or ©. This is transformed to the proof where
A\B is cut with A, ¥ or © prior to the application of the \ ;-rule.



a. A\B contained in ¥; that is ¥ = X[A\B] we transform to

7T/

A,F—>B\ !
I — A\B * S[A\B]—C "

cut T

X[ —C A,D,© — FE

A S[[],C\D,6 — E
b. A\B contained in A; that is A = A[A\B] we transform to

7.(_/

AT 5B o
o I — A\B \R A[A\B],D,6 — E
Y —C Al'l,D,©0 — E
A, 2,C\D,0 — E \z

c. A\B contained in ©; that is © = ©[A\B] we transform to

7{"

Al —B 7
o I — A\B \R A,D,O[A\B] — E
Y —C A, DO — FE
A%, C\D,O[[] — E \z

\L

cut

cut

(14)

(15)

ii. fin(7) = \g that is, the cut looks like

/ /

T T
AT — B

C,S[A\B] — D
I — A\B \R S[A\B] — C\D \R
S — C\D cut

which is transformed into

7.(_/

AT B o

I — A\B \R C,%[A\B] — D
C,3[[] — D
S[I] — C\D \R

cut

(17)

(18)

fin(7) = -1, whose cut is:
’ T/
AT — B >,C,D,A —FE
I — A\B \r >.C-D,A ——E "
>.C-D.A ——SE cut

where A\ B is either contained in ¥ or A, giving us the two cases:



a. ¥ = X[A\B]. This we transform to:

7.[_/

AT —B \ -
I — A\B ‘" X[A\B],C,D,A —E
S[I],C,D,A —E
S[),C-D,A—E
b. A = A[A\B]. This we transform to:

7_l,/

Al — B -

I — A\B \ >,C,D,A[A\B] — E
S,C,D,Al] — E
2,C- DA —E "

cut

L

cut

(20)

(21)

iv. fin(7) = -g. In this case the cut is of the form

7.(_/

A,F—>B\ - -
r—-4B"Y S—5S¢ A=SD
Y. A—C-D

cut

where A\ B is contained in either ¥ or A, giving us the following two cases:

a. ¥ = X[A\B]. This we transform to

7_(./

A,F—>B\ !
r —A\B ‘" S[A\B —C . y
ST — C U ASD

Y[I,A—C-D
b. A = A[A\B]. This we transform to

7.[_/

AT —B o
o erBmAmmHD
YrY—C Al'l — D
¥,Al] — C-D

cut

R

(22)

(24)

v. fin(7) =!z. In this case the cut is of the form
7_‘,/ 7_/
A,F—>B\ E,A,A,...,A,@—>C"
r — A\B S,IA0 —C L

SIA 6 S0 cut

where A\ B is contained in 3 or ©, giving us the following two cases:



a. ¥ = X[A\B]. This we transform to

7.‘_/

AT —B o
I — A\B \r S[A\B],AA,...,A,6 — C
[, A4, A0 —C |

S[I),1A,0 — C L

b. ® = ©[A\B]. This we transform to

71_I

Al —B -
I — A\B \R S,A A, ... A, O[A\B] — C
%A LA BN —C
SA 00 —c  F

cut

cut

(27)

vi. fin(7) =!g. In this case no non-principal cut is possible.

vii. fin(7) = V. In this case the cut is

7’ 7!
ATl —B >, C,A— D
I — A\B \r S, VC,A — D
Y. VO,A — D

\%%
cut

where either 3 or A contain A\ B, giving us the following two cases:

i. ¥ = X[A\B]. This we transform to

7T,

AT —B -

I — A\B \R S[A\B],C,A — D
SI.CA—D
S[I,VC,A—D ' *

cut

i. A= A[A\B]. This we transform to

7T,

AT B o
I — A\B \R 5, C,A[A\B] — D
S,C,Al] — D
S, VC,A[l] — D

cut

Vi

(28)

(30)




viii. fin(7) = Vg. In this case no cut is possible.

ix. fin(7) = perm. In this case the cut is

m’ 7
ATl —B ¥, A, VC,0 — D
I — A\B \r »,VC,A,© — D
¥, A, VC,0 — D

perm

cut

(31)

where A\ B is contained in either ¥, A or ©, giving us the following three cases.

a. ¥ = X[A\B]. This we transform into

7_[,I

AT —B

.
I — A\B \R S[A\B],VC,A,©0 — D

S[,VC,A,©0 — D

b. A = A[A\B]. This we transform into

7_(./

A,F—)B !

I — A\B \r >, VC,A[A\B],6 — D

S, VC,A[[],6 — D
S, A[l,VC,0 — D

perm

c. © = O[A\B]. This we transform into

7_(_/

ATl — B !

i
I — A\B \r S, VC,A,0[A\B] — D

3,VC,A, 0[] — D
S,A,VC,0[[] — D

perm

cut

cut

cut

(32)

2. fin(m) = - In this case the cut is

r —A Y¥—B T
A[A-B] — C
AlLY] — C

We now analyse the possible final rules of 7.

cut

(35)



i. fin(7) = \r. In this case the cut is

/ " / 7

- - T T
r A > B A—C ©Dx—FE

s »A-B " ©ACDy—E
C

\z

ut

©0,A,C\D,x — E (36)
where either ©, A or x contain A - B, giving us the following three cases.
a. ©® = O[A - B]. This we transform into
7_‘_/ 71_//
r—A ¥Y¥—B ‘R T
- rx—A-B O[A-B|,D,x — E
A—C O,%],D,x — E cut
O, %],A,C\D,x — E \o (37)
b. A = A[A- B]. This we transform into
7_‘_/ 7
r -—A Y¥—B - T’
r—A-B A[A-B]—>C !
AT,Y —C U S Dx-—DE
0,A[l,%],C\D,x — E Vo (3g)
ii. fin(7) =\g. This cut is
7.[_/ ! 7—,
r A4 ¥ B C,A[A-B] — D
IS ——A-B " A[A-B|— C\D \R
AT, — C\D cut (39)
which we transform to
7T/ 7_‘.//
r —A Y¥—B - T’
rYy—A-B C,A[A-B]— D
C,A[l,YX] — D cut
A[l, %] — C\D \r (40)
iii. fin(7) = .. This cut looks like
! i T/
r -4 X—B AC,D,©®—F
ry -4.B " Ac.bpDe—E*
AC DO S E cut (41)

where either A or © contain A - B, giving us the following two cases



a. A = A[A- B]. This we transform to

7_‘_/ 7_‘_/I

r — A Z—>B,R T
T,y S A-B A[A-B.CD.6—E
Al,%],C,D,0 — E e
Al,x,C-D,6 —E " (42)
b. © = O[A - B]. This we transform to
7I_/ 7I_/I
r — A E—>B,R T
T,y A B AC.D,OMA B —F
A,C,D,O,%] — E u
A,C-D,OM,5] —E © (43)
iv. fin(7) = -g. This cut looks like
7_(_I 7_(_1/ 7_/ 7_I/
I'— A E—>B_R A—C G)—>D.R
Iy — A B A6 —CD |
A6 —C-D o (44)

where either A or © contain the formula A - B, giving us the following two cases.

a. A = A[A - B]. This we transform to

7_(_/ 7_(_/I

r -4 Y¥—B . 7/
rnNY—A-B A[A-B] — C T
ALY —C “t 95D
A[,%,06 —C-D o (4s)
b. ® = ©[A - B]. This we transform to
7T/ 7_‘_//
r -4 Y¥—B . T
- r—A-B ©[A-B] — D
A C or.3] — D cut
AOl,%—C-D o (46)
v. fin(7) =!p. This cut looks like
! i 7!
r —A4 Y —>B " A0,0,...,0,y — C 1,
rY— A-B AO,x — C ’
A19,x — C cut (47)

where A - B is contained in either A or y, giving us the following two cases

10



a. A = A[A- B]. This is transformed to

r —A Y¥-—B. T/
A[A B],0,0,...,0,x —C

A[l,3],6,6,...,6,x — C
AL, 3,10, x — C L

cut

b. x = x[A - B]. This is transformed to

7_‘,/ 7_‘,//

r — A X—B .. T
> - A B A,0,0,....0,x[A-B] — C

A,0,0,...,0,X[,5] —C
A, 10,X[[,%] — C L

cut

vi. fin(7) =!g. In this case no cut is possible.

vii. fin(7) = V. This cut looks like

/ 7 /
s T

T

r -4 ¥ B . AC,© —D

I, — A-B A,NVC,0 — D
A,VC,0 — D

\%3
cut

(50)

where either A or © contain the formula A - B, giving us the following two cases

a. A = A[A- B]. This is transformed to

/ 7

71' ¥
r — A E—>B.R T
rYy—A-B A[A-B],C,6 — D .
AI3.C.6 —D cu
AT, %,VC,6 — D -
b. ® = O[A - B|. This is transformed to
ﬂ./ 7_‘.//
r — A E—>B,R T
rx—A-B A, C,0[A-B] — D .
cu

A,C,O[,%] — D
AvVC, O,y —D 't

(52)

viii. fin(7) = Vg In this case no cut is possible.

11



ix. fin(7) = perm. This cut looks like

/
7.(./ 7_[.//

P
r — A Z—)BR A>®7VC7X—>D
Iy A B ANC,0,x —D
ANC,0,x — D (53)

where either A, © or x contain the formula A- B, giving us the following three cases.
i. A=A[A- B]. This is transformed to

perm

cut

/ 1

T T
r — A X—B ., T’
r~x—A-B

A[A-B],0,VC,x — D

AT, %],0,VC,x — D ¢
perm

Al,3],VC,0,x — D (54)

ut

3. fin(m) =!g. In this case the cut is

/

{3
r—a, 7
T —1A ' AllA] — B ,
AlT] — B o (55)
We now analyse the possible final rules of 7.
i. fin(7) = \r. This cut looks like
7[_/ 7_/ 7_//
r— A, ¥ —B @,C,X—>D\
T —IA*  ©,%,B\C,x — D . L
0,%,B\C,x — D e (56)

where O, 3 or y contain the cut formula !A, giving us the following three cases.
i. © =0[!A]. This is transformed to

/

s
r — A, 7"
i T —!A ® o)4],C,x — D ,
Y B @[!F},E,B\C,X—>D\ u
o[1],%,B\C,x — D L (57)
i. ¥ =X[lA]. This is transformed to
7_(./
r —A, T/
T —I1A " 3[4 — B , i
S — B e @,C,X—>D\
0,3, B\C,x — D L (58)

12



iii. x = x['4]. This is transformed to

7.(_/
r— A, 7"
o T —14 'R 0,C,x[!A] — D .
Y —B 0,5, B\C,y[T] — D

©,%,B\C,x[II] — D \z

ii. fin(7) = \g. This cut looks like

o 7!

r >A, BI4—C \n
T 1A B S[lA] — B\C
S[T] — B\C cut

which is transformed into
/
r —A4, 7!
I —IA B B S[A4] — C .
B, — C . cu
s — B\C \*

iii. fin(r) =

(61)

L. In this case the cut is

/ /

.
p_>,4 Y. B,C,A — D

I —SIA'® S.B.CA—D Lt
S,B-C,A—D cu

where ! A is contained in either ¥ or A, giving us the following two cases
i. 3 = X[!A]. This is transformed to

7_[.l

F—>A T/

T 1A 'R Y['A], B,C,A — D .
S[T],B,C,A— D e
S[I0,B-C,A —D *

A['A]. This is transformed to

i. A=

,n_l

r— A 7!

T 14 'R >, B,C,A[lA] — D ,
%, B,C,AlT] — D e
>, B-C,A[T]—D "

13

(64)



iv. fin(7) = -g. This cut looks like

7T/ 7_/ 7_/I
L —A, Y¥X—B A—C,,
T —14 B S, A—B-C )
Ccu

S,A—B-C (65)

where the cut formula !A is contained in X or A, giving us the following two cases
i. ¥ = X[!A]. This is transformed to

/

T
r — A, 7/
T —!A ® 3[4 — B L
S[T] — B NSO
S[IT],A — B-C f (66)
i. A= A[lA]. This is transformed to
7_(_/
r— A, 7"
o T —!A ® AllA] — C .
> B AT — C v
S, AT — B-C f (67)
v. fin(7) =!z. This cut looks like
s il
r — A, S, AA L., A0 — B |
T —1A R v,I1A,0 — B ) L
S,1A0 — B o (68)

where the cut formula !A is contained in either ¥ or O, giving us the following two
cases

a. ¥ = X[!A]. This is transformed to

7T,

r —A, T
T —!A % 3lA,AA,...,A,06 — B

S[T],AA,... A6 — B
S[I],!A, 6 — B L (69)

/

cut

14



b. A = A[lA]. This is transformed to

7_‘./

r — A, 7!
T —!A ® S AA...,AlA,6 — B
504, A0 — B
5, IA, O[T — B L

cut

(70)

vi. fin(7) =!g. In this case, no non-principal cut is possible.

vii. fin(7) = V, This cut looks like
7’ 7’
r — A | Ea Bv A—C
T —!A " ¥ VBA—C
>, VB, A — C

Vi

cut

(71)

where the cut formula !A is contained in either 3 or A, giving us the following two

cases
a. ¥ = X[!A]. This we transform into

7_[_/

r—A, T

T —!A ® 3[4,B,A —C
S, B,A —C
S[I),VB,A —C ' *

/

cut

b. A = A[!A]. This we transform into

7_(./

r —A, T
T —!A ® % B A[lA] — C
3, B,All] — C

S, VB,A[I[] —C " *

/

cut

viii. fin(7) = V. In this case, no cut is possible.
ix. fin(7) = perm This cut looks like

s 7
r—>A4, %AVBO—C
T —14® $ VB,A,6—C

S.VB.A 0 —C cut

perm

(74)

where the cut formula !A is contained in either X, A or ©, giving us the following

three cases

15



a. ¥ = X[!A]. This we transform to
7T,
r— A, '
T —!A % %[IA],VB,A,0 — C
S[T],A,VB,0 — C cut

b. A = A[!A]. This we transform to

r — A, '
T —!A ® % VB All4],6 — C .
S, A[T],VB,0 — C “u
perm
S, VB,A[T],6 — C
c. © = O[!A]. This we transform to

7_‘_/

r — A, T
T —!A ® ¥ VB, A B[A —C ,
S,A,VB,0[l — C o

perm
Y, VB,A,Q[I' — C

(75)

4. fin(m) = VR. In this case the cut is
7.(_/
r —A \V T
VI — VA "% x[v4 — B
S[VI] — B cut

i. fin(7) =\ This cut looks like

/ 1
7! T T

r — A v > — B A,C,6—>D\
VI —vA ' AsBCO—D M

A%, B\C,0 — D cut

where the cut formula VA is contained in either A, X or O, giving us the three

following cases.

i. A= A[VA]. This is transformed to

/

Zi
r—A4 o 7"
- VI — VA "% A[VA],C,6 — D
> — B A[VT],C,© — D
A[VI],%,B\C,6 — D \

16

cut

(78)

(79)

(80)



ii. ¥ =X[VA]. This is transformed to

7.[_/

I — A v T’
VI — VA "% %[Vv4A — B "

;
SV — B cut

AC,O— D \
A,S[VI],B\C,6 — D L

iii. © =0O[VA]. This is transformed to

7_‘./

I >4 ¢ 7"
- VI —VA "% A C6O[VA — D

¥ —B A,C,OVI'l| — D
A,%,B\C,0[VI] — D \

cut

(81)

ii. fin(7) = \g. This cut looks like

o T
r— A B,E[VA]—)C\
VI — VA ' svA] — B\C

S[T] — B\C cut

which is transformed into

7_{./

ﬂ \V4 T—/

VI —!1A "% B 3[4 — C
B,Y[VI] — C \
S[vI] — B\C \*

cut

(84)

iii. fin(7) =-7. In this case the cut is

7’ il
I — A v Z,B,C,A—)D .
VI VA "B S B-C,A—D

S.B-C.A—D cut

L

where ! A is contained in either ¥ or A, giving us the following two cases
i. ¥ =X[VA]. This is transformed to

7_‘_/

r — A v T’
VI —!A “® ¥[VA],B,C,A — D

S[VI],B,C,A — D
S[VI],B-C,A — D

cut

L

17

(85)

(86)



i. A= A[lA]. This is transformed to

7_‘_l

r — A v 7’/
VI — VA "% % B,C,A[VA] — D

%, B,C,ANT] — D _
S, B-C,ANT] —D " (87)

cut

iv. fin(7) = -g. This cut looks like

/ / 7

T T T
r—A v >—B A—C R
VI — VA 'R S, A—B-C .
S,A—B-C e (88)

where the cut formula !4 is contained in ¥ or A, giving us the following two cases
i. ¥ =X[VA]. This is transformed to

/

71'
r — A Vi T/
VvII — VA Y[VA] — B L
SV — B S —
S[VI,A — B-C * (89)
i. A= A[lA]. This is transformed to
7_‘./
I -4 ¢ 7"
i VI — VA "B A[VA] —C
Sp— ANT] — C cut
S,ANT] — B-C f (90)
v. fin(7) =!z. This cut looks like
i il
r—4 o SAA ... A6—B,
VI — VA 'R 2, I1A,0 — B L
A0 B cut (91)

where the cut formula V A is contained in either X or ©, giving us the following two
cases

a. ¥ = X[!A]. This is transformed to

7_(_/

I — A v 7!
VI — VA "R S[VAL,AA,...,A,6 — B

S[VILAA,... ;A0 —B
S[VI],!A,© — B L (92)

cut
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b. A = A[lA]. This is transformed to

7T,

I — A 7!

VI — VA VR S AA,.. . AVAL6 — B

5,44, A 6[VI]— B

S, 1A, O[VI] — B L (93)
vi. fin(7) =!g. In this case no cut is possible.
vii. fin(7) = V, This cut looks like
7’ T
VI —VA "B S VB,A—C Lt
S,.VB,A —C e (94)
where the cut formula V A is contained in either ¥ or A, giving us the following two
cases
a. ¥ = X[lA]. This we transform into
7T,
[ —A4 g 7’
VI — VA "% $[VA,B,A —C .
SVILBA —C o
S[VI],VB,A —C " * (95)
b. A = A[!A]. This we transform into
T(J
I —4 ¢ 7’
VI — VA '® % BAVA —C .
%, B,A[VI] — C <
S, VB,ANVT] — C " * (96)
viii. fin(7) = Vg. In this case no non-principal is possible.
ix. fin(7) = perm This cut looks like
7’ '
F o4 o ZAVBO—C,
VI — VA ¥,VB,A,6 — C ;
S,VB,A,6 — C e (97)

where the cut formula VA is contained in either 3, A or ©, giving us the following

three cases
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a. ¥ = X[VA]. This we transform to
,n_/
[—A ¢ T
VI — VA "% X[VA],VB,A,06 — C

cut

b. A = A[VA]. This we transform to

7_‘,/

I — A v 7!
VI — VA 'R % VB,A[VAL,® — C

S, A[VI],VB,© — C
perm
S, VB,A[VI],0 — C (99)

cut

c. © = O[!A]. This we transform to

7_‘_l

r — A v T’
VI — VA "% % VB A OVA — C

S, A, VB,0[VI] — C
perm
S, VB,A,0[VI] — C (100)

cut

Case Il
1. fin(m) = \. In this case the cut is

r —A X,BA—C \
S,IA\BA—C ‘' el]—Db .
O[X,T,A\B,A] — D cu (101)

We continue by analysing the possible final rules of 7.

i. fin(r) = \. This cut looks like

r—A ¥BA—C ©—D x,BE,V—F

S,T,A\B,A —C \z Y,0,D\E,¥ — F t\L
X.0,.D\E,¥ — F o (102)

where the cut-formula C' is contained in either x,® or W, giving us the following
three cases:
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a. x = x[C]. This we transform to

r—A %,BA—C
ST, A\B,A —C \ X[C],E, ¥ — F
©—D X[=,T,A\B,A,E, ¥ — F
Y[=,T,A\B,A],6,D\E, ¥ — F \z

cut

b. ©® = ©[C]. This we transform to

A % BA—C
S.I,A\B,A — C \e e[C] — D
O[%,T, A\B,A] — D cut BW - F
Y,O[%, T, A\B,A],D\E, ¥V — F \

c. ¥ = V[C]. This we transform to

r—A %,BA—C
ST, A\B,A —C \ Y, E, U[C] — F
©—D .E,U[S,T,A\B,A] — F
\,0,D\E, ¥[S,T,A\B,A] — F \z

cut

(103)

(104)

(105)

ii. fin(7) =\g. In this case the cut is

r —A 2,B,A—>C\ D,@[O]—>E\
S, IA\B,A —cC ‘' e[c]—D\E \®
O[E.T, A\B,A] — D\E cut

which is transformed to

r—A ¥BA—C
>,I,A\B,A — C \ D,O[C] — E
D,O[S,T,A\B,A] — E
O[T, A\B,A] — D\E \R

cut

(106)

(107)

fin(7) = .. In this case the cut is
r—A X,BA—C ©,D-E,x —F

S.T,A\B,A — C \ ©0,D-E,x —F "
0.D-E,x —F cut

(108)

where the cut formula C' is contained in either © or x, giving us the following two

cases.
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a. © = ©[C]. This we transform to

r—A XBA—C
S,[,A\B,A — C \z ©[C],D,E,x — F
O[=,I,A\B,A|,D,E,x — F
O[T, T,A\B,A,D-E,x —F " (109)

cut

b. x = x[C]. This we transform to

A %BA-—C

S,[,A\B,A —C \z ©,D,E,x[C] — F
6,D,E.x[,I,A\B,A] — F

0.D-E xS, 1,A\BA —F " (110)

cut

iv. fin(7) = -g. In this case the cut looks like
r —A X,B,A—C ©—D x—F

S,I,A\B,A — C \z ©,x—>D F
6.x D F cut (111)

where the cut formula, C' is contained in either © or x, giving us the following two
cases.
a. © = O[C]. This we transform to

r — A E,B,A—)C’\
,IA\BA—C ‘' elc]—D

cut

O[x, I, A\B,A] — D x— F
OS.T,A\B,Al,y — D F (12
b. x = x[C]. This we transform to
r—A ¥BA—C \
S,0,A\B,A —C ‘' y[C]—F .
©—D X[E. T A\B,A] — F o
O,x[S,0,A\B,Al —D-F R (113)
v. fin(7) =!z. In this case the cut looks like
r — A E,B,A—)C\ @,X,X,...,X,\I/—>D'
.I,A\B,A —C e,\,v —D *
6, ¥ — D cut (114)

where the cut formula C is contained in either © or ¥, giving us the following two

cases.
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a. © = ©[C]. This we transform to

r A YBA—C
»,IA\B,A — C \ OICL X, X, -- -, x, ¥ — D
@[E,F,A\B,A],X,X,...,X,\D—>D'
O[%,T,A\B,A],x,¥ — D L

cut

b. ¥ = W¥[C]. This we transform to

r—A ¥BA—C
S,T,A\B,A — C \z 0,X: X, X, ¥[C] — D
@,X,X,...,X,\II[Z,F,A\B,A]—>D'
o,Iy,V[2,T,A\B,Al —D *

cut

(115)

(116)

vi. fin(7) =!g. In this case no cut is possible

vii. fin(7) = V. In this case the cut looks like
r— A E,B,A—)C\ 0,D,xy — FE
S.0,A\B,A—C ‘¥ O,vD,y —E
0,VD,x — E

\%7
cut

(117)

where the cut formula C' is contained in either © or W, giving us the following two

cases.
a. © = O[C]. This we transform to

r—A B A—C

S.[,A\B,A —C \ ©[C],D,¥ — E
O[S.T, A\B,A|D.x — B
O[2,T,A\B,A],VD,y — E " *

cut

b. x = x[C]. This we transform to

A4 %BA—C
S.I,A\B,A —C \ ©,D,V[C] — E
©,D,x[S,T,A\B,A] — E
©,VD,x[S.T,A\B,A] —E ' *

cut

(118)

(119)

viii. fin(7) = V. In this case no cut is possible.

ix. fin(7) = perm. In this case the cut looks like
I A SBA—C 0,y,VD,¥ — E

S,T,A\B,A —C \L O.VvD,x,V — E
O,VD,\,¥ — E

perm

cut
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where the cut formula C is contained in either O, x or ¥, giving us the following three
cases.

a. © = O[C]. This we transform to

r—A B A—C
S,T,A\B,A — C \L o[C],x,VD,¥ — E
O[X,T,A\B,A],x,VD, ¥ — E
O, T, AB A VD, ,¥ —E " (121)

cut

b. x = x[C]. This we transform to

A Y,BA—C
,T,A\B,A —C \e 0,y[C],VD,¥ — E
©,x[%,I,A\B,A],VD,V — E
O.VD\ET,ABA, v —SE " (122)

cut

c. ¥ = V[C]. This we transform to

r—A X¥.BA—C
S,I,A\B,A — C \L ©,x,VD,¥[C] — E
O x.VDUET, ABA —E
©,VD,y,V[E,T,A\B,A] — E (123)

cut

2. fin(m) = -1 In this case the cut is
I A,BYS—C
I.A B> —C "o[c] — D
or,4-B,x] —bn

(124)

We continue by analysing the possible final rules of 7.

i. fin(7) = \r. In this case the cut is

'A,BY —C x—D @,E,\If—>F\
I A-ByY—C " ©yxDEV—F tL
Cu

O,y,D\E,¥ — F (125)

where the cut formula C is contained in either ©,x or U, giving us the following
three cases.
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a. © = O[C]. This we transform to

I A, B,Y —C
IA-B,Yy —~C " O[C],E,2V —F
Y — D O[[,A-B,X,E,¥ — F
O[,A-B,%|,x,D\E, ¥ — F \

L

cut

b. x = x[C]. This we transform to

I A,B,Y —C
A B, —C " x[c]—D
x[LA-B,X] — D o BV -—F
O,x[[,A-B,%|,D\E, ¥V — F \

c. ¥ = V[C]. This we transform to

A BY —C
I A By ——C " ©E3vC —F
Y — D ©,E,9[[,A B,Y] — F
©,y,D\E,VU[[,A-B,S] — F \

cut

(126)

(127)

(128)

ii. fin(7) = \g. In this case the cut looks like

F7A7B72—>C . D’A[C]—>E\
A Bx—C " AC]—D\E \®
AT,A-B,Y] — D\E cut

which we transform to
I''A,B,Y — C
I'NA-B,Y —C D,AlC] — E
D,AT'A-B,Y] — FE \
Al A-B,Y] — D\E \*

L

cut

(129)

(130)

fin(7) = -1. This cut looks like

I A,B,Y—C  ADE®©-—F
TA-BY -C Y ADEO© _SF Lt
AD-E.© —F e

(131)

where the cut formula C' is contained in either A or ©, giving us the following two

cases
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a. A = A[C]. This we transform to

I, A,B,X —C
I A-B,x —~C " AC,D,E,©0 —F .
A,A-B,%|,D,E,© — F _ o
AC,A-B,x,D-E,©0 ——F ©
b. ® = O[C]. This we transform to

(132)

I'A,B,Y —C

IA-B,Yx —~C " ADE®IC]—F
A D EOT,A-B,Y — F cut
AD-E,OL,A B,y »F "

(133)

fin(7) = -g. In this case the cut looks like

FaAaBaE—)C A—>D @—>E
A -B,Y —C A6 D E "

AO—DE cut

(134)
where the cut formula C' is contained in either A or ©, giving us the following two
cases
a. A = A[C]. This we transform to

I'A,B,Y — C
LA BY—C " Alc]—D

AT, A-B,5] — D e B
A[l,A B,%,6 —~D-E R (135)
b. ® = O[C]. This we transform to
I,A,BY—C
IA-BY—C " ©c]—D .
A—D O[,A-BY] —E e
AO,A-B,Y —D-E R (136)
. fin(7) =!. In this case the cut looks like
ILA,BYX—C  A60,..60x—D,
IA-B,> O * AOx —D L
A©,y — D e (137)

where the cut formula C is contained in either A or y, giving us the following two
cases
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a. A = A[C]. This we transform to
I A,BY—C
FaA'sz A[C]7@7677®7X—>D
Al'A-B,¥],0,0,...,0,x — D |
A[l,A-B,%],18,x — D L

L

cut

b. x = x[C]. This we transform to
I'A,B,Y, — C
I'A-B,X A;0,0,...,0,x[C] — D
A,6,6,...,6x[LA B —D
A 10, x[T,A-B,%] — D L

L

cut

(138)

(139)

vi. fin(7) =!g. In this case no cut is possible.

vii. fin(7) = V. In this case the cut looks like
I'A,B,YX —C A,D,©—F

FABY> 5C " AVD.O _SE VLt
A VD,© — E cu

(140)

where the cut formula C' is contained in either A or © giving us the following two

cases.
a. A = A[C]. This we transform to
I'A, B, — C
IA-B,x —C " A[C,D,6—FE
Al,A-B,%,D,0 — E
Al,A-B,%|,VD,0 — E

L

cut

\%7

b. ® = O[C]. This we transform to
I A4,B,Y —C
A-B,Y —C A,D,0[C] — E
A,D,O,A-B,X] —E
A,VD,O[[,A-B,Y| — E

L

cut

\%7

(141)

(142)

viii. fin(7) = V. In this case no cut is possible.
ix. fin(7) = perm. In this case the cut looks like

I A,B,Y —C A,0,VD,x — E
perm

TA-BY C " AVD O,y S E
A,VD,O,y — E ¢

ut

(143)

where the cut formula is contained in A, © or ¥, giving us the following three cases
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a. A = A[C]. This we transform to

I'A,B,Y — C
[A-B,Y. —C " A[C],VD,0,x — E
A, A-B,%],0,VD,x — E
perm
Al,A-B,x|,VD,0,x — E (144)

L
cut

b. ©® = ©[C]. This we transform to

I''A,B,Y — C
I'A-B,YX — C A, VD,0[C],x — E
A,O,A-B,%],VD,x — E
perm
A,VD,O,A-B,Y],x — E (145)

L
cut

c. © = O[C]. This we transform to

I,A,BY —C
I'NA-B,YX —C A,VD,0,x[C] — FE
A,©,VD,X[[,A-B,Y] — E
perm
A, VD,0,X[[,A-B,Y] — E (146)

L
cut

3. fin(m) =!z. In this case, the cut looks like
I,5%..,5A—4,
[, A— A L o] — B .
O, 1%, A] — B cu (147)

we continue by analysing the possible endings of 7.

i. fin(7) = \r. This cut looks like

L% %A A x—B 6,6¥—D,
TS, A—A4 L 0,xBCV—D tL
©,x,B\C,¥ — D “u (148)

where the cut formula A is contained in ©,x or ¥, giving us the following three
cases.

a. © = O[A]. This is transformed to

LYY, NA—A,
IS, A— A ‘L el4,0,9 — D
x — B oI, !3,Al,C, ¥V — D
O[!S, Al x, B\C,¥ — D \ (149)

cut
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b. x = x[4]. This is transformed to

0%, 5A—A4,
[IS,A— A L x[A] — B

cut

x[T,!S,A] — B 6,0,\II—>D\
©,x[[,!S, Al B\C,¥ — D L (150)
c. W = U[A]. This is transformed to
r,5%... ,5A—A4,
[IS,A— A L e,C,v[4 — D ,
Y — B @,C,\P[F,!Z,A]—>D\ “u
O,y,B\C,¥[[,!S, Al — D L (151)
ii. fin(7) = \g. In this case the cut looks like
LOE.. DA—4,  BOU—C,
IS, A—A ' oA — B\C Rt
O[!S, A] — B\C o (152)
which we transform to
r,%%...,5A—A4,
[IS,A— A ‘L B,0l4] — C .
B,O[,IS,A] — C . u
o[r,'s,A] — B\C “* (153)
iii. fin(r) = -. In this case, the cut looks like
rys,....5A—A  ©BCx—D
YA ——~A4 Y ©oBCy—DF"
6,B-C,xy —D cut (154)

where the cut formula A is contained in © or x, giving us the following two cases

a. © = O[A]. This is transformed into

LYy 5A—A4,
I[I5,A— A ‘L ©[A],B,C,x — D

O, 3, Al B,C,x — D _ cut
Ol,I%,ALB-C,x —D "
b. x = x[A]. This is transformed into
IS5 A—A
IS, A— A ‘L ©,B,C,x[A] — D .
Ccu

©,B,C,x[[,!S,A] — D
©,B-C,x[[,'S,A] — D

‘L
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. fin(7) = -g. In this case the cut looks like

F,E,E,...,Z,A—mﬁl' ©—B x—C
YA -4 L "0y _B.C tR
O,y —B-C cu

(157)

where the cut formula is contained in either © or x, giving us the following two cases.
a. © = O[A]. This we transform to
Lyy... .5 A— A
T,I5,A — A L e[A] — B .
o[,!'s,A] — B v —=c

O,!T,Al,x — B-C o (158)
b. x = x[A]. This we transform to
r,5%... ,5A—A4,

[, A— A L e[A] — B ,

©—B LIS, Al — C “u
6,x[[,'T,A] — B-C i (159)

v. fin(7) =!z. In this case the cut looks like
F,Z,E,...,E,A—>A' @,X,X,...,X,\Il—>B'
[IS,A— A L 0,x,¥ — B t'L

0,x,¥ — B u (160)

where the cut formula A is contained in either © or W, giving us the following two
cases.

a. © = O[A]. This we transform to

0,YY,...,5A—A
[IS,A— A Lol x.x,....,x,. ¥ — B |

@[F,!E7A],X,X,...,X,\P—>B' L
o[, 'S, A, v — B (161)
b. ¥ = W[A]. This we transform to
LYy . . 5A—A4,
[IS,A— A 'L O, X Xs -+ X, ¥[A] — B
(_)aXvX?"'aXa‘IJ[F’!ZaA]_)B' *
O,Iy,¥[[,Ix,A] —B * (162)
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vi. fin(7) =!g. In this case no cut is possible.

vii. fin(7) = V. In this case the cut looks like
Nyy.. . . 5A—A 0,B,x —C
LIS, A— A ‘L ©,VB,x — C
0,VB,x — C

\%3
cut

(163)

where the cut formula A is contained in either © or chi, giving us the following two
cases.

a. © = O[A]. This we transform to
LY%,.. . S A—A,
[IS,A— A ‘L Q[4],B,x — C
oI, I3, AL, B,x — C

cut

\%7

O[,IS,A,VB,x — C (164)
b. x = x[4]. This we transform to
%%, ,5A—4,
LIS, A — A ‘L e,B,x[A] — C .
©,B,x[[,'S,A] — C e
©,VB,X[,'s, Al —C *F (165)
viii. fin(7) = V. In this case no cut is possible.
ix. fin(7) = perm. In this case the cut looks like
rLxxs....5A—A 0,x,VB,¥v — C
'L perm
EA—A 0,VB,x, ¥V — C ;
O,VB,x,¥ — C e (166)

where the cut formula A is contained in either ©,x or ¥, giving us the following
three cases

a. © = O[A]. This we transform to
Lys... . 5A—4,
[LISA— A L Q4] VB, x, ¥ — C
O[,!%, Al x, VB,V — C
perm
OIE,AlLVB, x, ¥ — C (167)

cut

b. x = x[A]. This we transform to
r,%%,. .., 5A—A,
IS, A— A L ©,VB,x[A, ¥ — C
0,x[[,!S, AL VB, ¥ — C
perm
0,VB,X[[,!S, AL, ¥ — C (168)

cut
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c. © = ©[A]. This we transform to

N,%%,. .., 5A—A,
IS A— A ‘L e,VB,x, V[A] — C
0,x,VB,U[[,Ix, Al — C
perm
O,VB,x,V[[,Ix, Al — C (169)

cut

4. fin(m) = V. In this case the cut is
rAs o
ILVAY "% oB]—C ,
Or, VA, x| —C (170)

we continue by analysing the possible final rules of 7.

i. fin(7) = \r. This cut looks like

I'A,Y — B < A—C G,D,X—>E\
'VAS—B 'Y eAc\Dy—E

cut

0,A,C\D,x — E (171)

where the cut formula B is contained in either ©, A or Y, giving us the following
three cases.

a. © = O[A]. This we transform to

I AY — B
[LVAY — B Vi O[B],D,x — E
A—C O, VA,Y],D,x — E
O[l,VA,%|,A,C\D,x — E \ (172)

cut

b. A = A[A]. This we transform to

NAS —B o
ILVA,Y —B 'L ABl—C
AT, VA, Y| — C Ut 9. D,x—E
©,A[[,VA,Y,C\D,x — E \ (173)

c. x = x[A4]. This we transform to

A, — B -
IL'VAY —B '* ©,D,x|Bl—E
A—C ©,D,x[I',VA, Y] — E
©,A,C\D,x[[,VA,YX] — E \z (174)

cut
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ii. fin(r) = \g. This cut looks like

I A,Y — B C,A[B]—>D\
VA, —B ‘" ABl—C\D \®
A[l,VA,S| — C\D cut

(175)

which we transform into

A, — B v

I'VAY —B 'Y CAB —D
C,Al,VA,X] — D
A[l,VA,X] — C\D \R (176)

cut

fin(7) = -1. This cut looks like

rAY—B _ ACDO—E
ILVAS—B 'Y ANC-D,6—F
AC-D,6 S E cut (177)

cdoty,

where the cut formula is contained in either A or O, giving us the following two cases
a. A = A[B]. This we transform to

A, —B v
I'VAY —B '* A[B],C,D,6 — E
A[l,VA,%],C,D,©6 — E

cut

‘L

A[l,VA,Y,C-D,6 — E (178)
b. ® = O[B]. This we transform to
A, —B v
VA, —B 'Y ACDOB —E .
A,C,D,O[[,VA,Y] — E cu
A,C-D,O,VA,Y| —E " (179)
iv. fin(r) = -g. This cut looks like
P)A72—>B \V4 A—>C ®—>DR
I'VAY —B 'Y A©6—C-D )
A®O—C-D e (180)

where the cut formula is contained in either A or ©, giving us the following two cases
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a. A = A[B]. This we transform to

Ay —B v
ILVAY —B ‘¥ ABl—C
ALLVAY —C @t 9 _4p
A[l,VA,X,6 —C-D

b. ® = O[B]. This we transform to
[AS—B
ILVAY —B ' ©Bl—D
A—C O[[,VA, 5] — D
A6, VA,S| —C-D f (182)

cut

v. fin(7) =!p. this cut looks like

AL —B _ A66..6x—C,
[LVA,Y —B 'k A'@X—>C 'L

A, x —C cut

(183)

where the cut formula B is contained in either A or , giving us the following two
cases.

a. A = A[B]. This is transformed to

LAY —B
ILVA,Y —B 'Y A[B],©,0,...,0,x — C
A[l,VA,%],0,0,. @X—>C

A[l, VA, 3], @X—>C

cut

'L (184)

b. x = x[B]. This is transformed to
NA¥Yy —=nB v
ILVAY —B ‘¥ A©,0,..06xB —C
A,@,@,...,@,X[F,VA,E] —C
A10,X[[,VA,X] — C L (185)

cut

vi. fin(7) =!g. In this case no cut is possible.

vii. fin(7) = V. This cut looks like

rayxy—c v AC,©0©— D
[LVA,Y —C 'Y AVC,6—D
A, VC,©0 — D

\%3

cut

(186)

where the cut formula B is contained in either A or ©, giving us the following two
cases.
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a. A = A[B]. This is transformed to

Ay —d«C v

I'VAY —C 'l AB,vVvC,6 — D
Al A, Y],VC,0 — D
Al,VA,Y,vC,6 — D ' * (187)

cut

b. © = O[B]. This is transformed to

Ay —cC

TVAY —C VL AVCO[B — D
A,VC,0O[[,VA, Y] — D
A,VC,O[[,VA, Y| — D Vi (188)

cut

viii. fin(7) = V. In this case no cut is possible.

ix. fin(7) = perm. This cut looks like
LAY B A,0,VC,x — D

TVAY 5B 'Y AVCO.x—=D
A, VC,0,x — D

perm

cut

(189)

where the cut formula B is contained in either A, © or Y, giving us the following
three cases.

a. A = A[B]. This we transform to

LAY —B
ILVA,Y — B 'Y A[B,0,VC,x — D

AL VA6, VCx—D cut
AL, VA, x|, VC,0,x — D (190)
b. ® = O[B]. This we transform to
FAY—B o
I'VA,Y —B ¥ A O[B,VC,x — D .
A6 VAN VCx —D cu
A,VC,0[[,VA,X],x — D (191)
c. x = x[B]. This we transform to
A, —B v
VA, —B '* A6OVC B — D .
A6, VO VAS] —D cu
A, VC,0,x[[,VA, Y] — D (192)
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Case IlI
fin(m) = perm. In this case the cut is of the form

I,Y,VA,A — B
I''VA, >, A— B ©[B] — C
OLVA XY Al — C

perm

we continue by analysing the possible endings of 7.

i. fin(7) = \r. This cut looks like
IS, VA A — B x—C ©,D,U ——E
perm \L
VA, A — B Ox.C\D.¥ —E
0,x,C\D,¥ — E “

(193)

(194)

where the cut formula B is contained in either ©,y or U, giving us the following three

cases

a. © = O[B]. This we transform to

I,%,VA,A — B
T,VA,S,A — B

P o, D, v — E

Yy —C O[,VA,X,Al,D,V — E

o[, VA, %, Al x,C\D,¥ — E \L (195)
b. x = x[B]. This we transform to
I,Y,VA,A — B
perm
VA, >, A— B x[B] — C .
X[,VA, S, A] — C “ e Dv-E
0,x[[.VA,2,A],C\D,V — E (196)
c. ¥ = U[B]. This we transform to
I,2,VAA — B
perm
[,VA,Y,A > B ©,D,¥[B] — E
Y — C @,D,\IJ[F,VA,Z,A]—>E\
©,y,C\D,V[[,VA, =, A] — E L (197)
ii. fin(r) = \g. This cut looks like
Y, VA A— B C,0[B] — D
perm ————————— \p
I''VA X, A — B ©[B] — C\D .
O, VA,%,A] — C\D u (198)
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which we transform into
I, VA, A — B
I''VA, X, A — B C,0[B] — D
C,0,VA, X, A] — D \
O, VA, x,Al — C\D ‘! (199)

perm

cut

fin(7) = -1. This cut looks like

F,E,VA,A—>Bperm 0,0,D,x — FE
[,VA,Y,A —— B 0,0-D,x —E Lt
0,C-D,x — E cu

(200)
where the cut formula B is contained in either © or X, giving us the following two cases.
a. © = O[B]. This we transform to

[,S,VA,A — B

VA Y. A B e[B],C,D,x — E
O[[,VA,%,A|,C,D,x — E
O[[,VA,x,A|,C-D,x —E " (201)

perm

cut

b. x = x[B]. This we transform to

[,5,VA,A — B

[LVA Y. A — B ©,C,D,x[B] — E
©,C,D,X[[,VA,S,A| — E
0.C DAL,VAS, Al S E * (202)

perm

cut

. fin(7) = -g. This cut looks like

F,E,VA,A—>BpeTm ©—C x—D
I''VA,Y,A— B O,x —C-D
O,x —C-D

R
cut

(203)
where the cut formula B is contained in either © or x, giving us the following two cases.
a. ©=0[B].

IS, VA A — B
I''VA,X,A— B O[B] — C
o[, VA,%,A] — C cut D
O, VA S, AL,y —C-D

perm
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b. © = 0[B].
I,%,VA,A — B

perm
VA S, A—B xB]—D
0 —C X[[,VAS,A] — D o
O,x[[,VA,,A] — C-D f (205)
v. fin(7) =!. This cut looks like
'Y, VA, A — B O,%, X, -, X, ¥ —C
perm 7
VA S, A —B 0. ¥ —C
0,V —C e (206)

where the cut formula is contained in either © or W, giving us the following two cases.

a. © = O[B]. This is transformed to
I,5,VAA— B
I''VA, >, A— B OBLX, Xy X, ¥ — C
®[F>VA727A]’X5X7--->X5\IJ—>C '
O, VA, S, ALy, ¥ —C  *

perm

cut

b. x = x[B]. This is transformed to
I,%,VA A — B

VA, X, A— B O, X, Xy, X, V[B] — C

O, X, X, X, V[[LVA, X, Al — C '

0,Ix,¥[[,VA, S, Al —C

perm

cut

(207)

(208)

Vi.

fin(7) =!g. In this case no cut is possible.

Vil.

fin(7) = V. This cut looks like

'Y, VA/A— B 0,C,x — D
perm \v43

I''VAY,A— B 0,VC,x — D
C

0,VC,x — D

ut

(209)

where the cut formula B is contained in either © or x, giving us the following two cases.

a. © = O[B]. This is transformed to
I,%,VA,A — B
[,VA,S,A — B o[B],C,x — D
O VA, X, Al,C,x — D
O[F,VA,X,Al,VC,x — D

perm

cut

\%7
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b. x = x[B]. This is transformed to

I,%,VA,A — B

[LVA,S,A — B
0,C,x[[,VA, 2, A] — D o
0,VC, [, VA, =, Al — D ' *

P 9., x[B] — D

cut

(211)

viii.

fin(7) = Vg. In this case no cut is possible.

. fin(7) = perm. This cut looks like

I, VA/A— B 0,x,VC, ¥ — D
per perm
[,VA,S,A — B 0,VC,x, ¥V — D
0,.VC,x,¥ — D ¢

ut

(212)

where the cut formula B is contained in either ©,x or ¥, giving us the following three

cases
a. © = O[B]. This is transformed to

I, VA,A — B
I,VA,S,A — B O[B],x,VC,¥ — D
O[[,VA,%,Al,x,VC,¥ — D
O[[,VA,%,A|,VC,x,¥ — D

perm

cut

perm

b. x = x[B]. This is transformed to

I,%,VA,A — B

VAS.A B ©,x[B],VC,¥ — D
0,x[[,VA,%,A,VC,¥ — D
0,VC,x[[,VA, S, A, ¥ — D

perm

cut

perm

c. ¥ = U[B]. This is transformed to

I,Y, VA, A — B

T,VA.S.A — B ©,x,VC,U[B] — D
©,x,VC,U[[,VA S, Al — D
O,VC,x, V[, VA S, Al — D

perm

cut

perm
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